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is related to the limiting characteristic ratio of the linear 
chain. Exceptions do occur, with the initial slope of g vs. 
l / n  for polymethylene being a noteworthy example. 

Acknowledgment. The author thanks Professor 
Stockmayer for providing a preprint of ref 5. This work 
was supported by National Science Foundation Grant 

References and Notes 

PCM 78-22916. 

(1) Zimm, B. H.; Stockmayer, W. H. J. Chem. Phys. 1949, 17, 
1301. 

(2) Mattice, W. L. Macromolecules 1975, 8, 644. 
(3) Mattice, W. L. Macromolecules 1976, 9, 48. 

(4) Mattice, W. L. Macromolecules 1977,10, 1171. 
(5) Mansfield, M. L.; Stockmayer, W. H. Macromolecules 1980,13, 

1713. 
(6) Kratky, 0.; Porod, G.  Recl. Trav. Chim. Pays-Bas 1949, 68, 

1106. 
(7) Mattice, W. L.; Carpenter, D. K. Macromolecules 1976,9,53. 
(8) Mattice, W. L. Macromolecules 1977, 10, 511. 
(9) Mattice, W. L. Macromolecules 1978, 11, 15. 

(10) Mattice. W. L. Macromolecules 1980. 13. 506. 
(11) Brant, D. A.; Flory, P. J. J. Am. Chem. hoc. 1965, 87, 2786. 
(12) Benoit, H.; Doty, P. J. Phys. Chem. 1953, 57, 958. 
(13) Abe, A,; Jernigan, R. L.; Flory, P. J. J. Am. Chem. SOC. 1966, 

88. 631. 
(14) Flory,P. J. “Statistical Mechanics of Chain Molecules”; In- 

(15) Mattice, W. L. J. Am. Chem. SOC. 1977, 99, 2325. 
terscience: New York, 1969. 

Improved Blob Hypothesis in Single-Chain Statistics 
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ABSTRACT An improved version of the blob hypothesis is proposed in which the local swelling is modeled 
by a formula similar to Flory’s for the end-to-end distance. The improved version leads to smoother transitions 
from 0- to good-solvent behavior of polymer solution properties such as a,, CYH, and S(q) but preserves all 
the qualitative aspects of the original blob hypothesis. 

The calculation of both static and dynamic properties 
of a single chain in solution as a function of temperature 
requires knowledge of the equilibrium distribution I+bo(Rij) 
of the vector distance between the ith and j th  monomers 
in the presence of excluded-volume effects.’ This function 
is usually modeled2 in two steps: first, it is assumed to be 
Gaussian so that its characteristic function is taken to be 

The second step involves a simplifying assumption for the 
second moment ( IRijI2). Peterlin2 assumed it to be of the 
form 

(2) 

where 1 is the statistical length and e is a monotonically 
increasing function of z, the excluded-volume parameter, 
determined from e = (1/2)d In aR2/d In z ,  where aR is the 
swelling factor for the end-to-end distance; i.e., (R2) = 
12M+‘. This model implies that portions of the chain with 
the same chemical length n = (i - jl swell uniformly with 
the same exponent. 

The “temperature blob” model by Daoud3 modifies this 
aspect of Peterlin’s model as 

( IRijl2) = 121i - jll+€ 

(IR,I2) = n12 for n I N,  ( 3 4  

(IR,I2) = (n/N,)2‘1n12 for n 1 N ,  (3b) 

which implies @solvent behavior within the so-called 
“temperature blob”, referring to a section of the chain for 
which n I N,, and good-solvent behavior among the blobs. 
The crossover occurs at n = N,, which depends on the 
temperature as 

and 

N ,  - T - ~  (4) 
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where T denotes the reduced temperature (T - 8)/T.  The 
main feature of the blob hypothesis is that the exponent 
of the local swelling takes on only two discrete values, 
namely, Y = 0.5 within the blob and Y = 0.6 (or any other 
value) among the blobs. In contrast to the previous model, 
where t is a continuous function of temperature, the ex- 
ponent v is independent of temperature but the size of the 
blobs decreases with temperature. As demonstrated in 
earlier w ~ r k , l - ~  the blob model of +,(Ri,) explains the 
qualitative features of static and dynamic quantities, such 
as the static form factor S(q) as a function of q, the radius 
of gyration RG, the first cumulant Q(q) of the dynamic 
structure factor, the hydrodynamic radius RH, and the 
intrinsic viscosity5 [VI. However, the step change in the 
statistics of portions of the chain below and above N,  leads 
to numerical inaccuracies of about 15% or less, as pointed 
out in ref 1, when N ,  becomes comparable to the chain 
length. For example, the model predicts no swelling near 
the 0 temperature, where N,  > N ,  which is not consistent 
with first-order perturbation theory. 

In this article, we propose an improvement of these 
aspects of the blob model by abandoning the concept of 
two discrete exponents for short and long portions of the 
chain. We first introduce 

(IRi;l2) = 121i - jla2(i.j) (54  

where a ( i j )  is the local swelling factor of the chain. It is, 
of course, well-knowns that a(iJ  not only is a function of 
the chemical length n = li - jl but also depends on i, i.e., 
the location of the subchain relative to the ends. We first 
assume, as done in the previous two rnodel~,~a that a ( i j )  
= a(n). In Peterlin’s model a(n) = n‘, and in Daoud’s 
model a(n)  = 1 for n I N,  and a h )  = (n/NJ2‘l when n 
1 N,. The main idea in our model is that a(n) is ap- 
proximated, for all n, by a formula similar in form to 
Flory’s formula7 

aS(n) - a3(n) = yRz(n) (5b) 
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for the end-to-end distance. Here z is the excluded-volume 
parameter for a section of the chain, i.e. 

Macromolecules 

In order to maintain contact with the blob hypothesis we 
rewrite (5b) as 

(7) a5(n) - a3(n) = (n/N,)'/' 

by introducing N ,  as 

N ,  = A( YR 5)"( --&) 
The temperature dependence of N ,  is inherent in the bi- 
nary cluster integral u(T), which is usually approximated 
as U(T) = U ~ T ,  so that (8) can be written as 

with 

More accurate models for U(T) vs. 7 may be considered in 
the present model, especially for high temperatures. The 
value of yR in (10) may be taken as YR = 1.45,6 although 
other values are also reported. The proportionality con- 
stant CY may be treated as an adjustable parameter, unless 
an independent estimate of (um/13) is available.' 

It is clear that the original blob hypothesis is equivalent 
to  approximating the solution of (7) by a(n) = 1 when n 
5 N ,  and by a(n) = (n/N,)'/'O when n 1 N,, which is 
consistent with (3b) with u = 3/5. Therefore the proposed 
model preserves the main idea of the blob hypothesis that 
the swelling of the chain sections is not uniform. On the 
other hand, it abandons the idea that there are only two 
discrete exponents at any temperature for short and long 
chain sections. In this sense, the proposed model is closer 
to Peterlin's model. However, i t  is not equivalent to  as- 
suming ( lR,I2) = l2nZv and allowing u to be a function of 
n and N, because it also involves renormalization of the 
statistical length 1 by INT(1-2v)/2 (cf. eq 3) ,  thereby satisfying 
the scaling laws correctly. 

In order to illustrate the improvement made possible by 
the present modified blob model, we compare the swelling 
factors for the radius of gyration and hydrodynamic radius 
using the original blob hypothesis (3) and its improved 
version (7) in modeling a(n). 

Radius of Gyration 
The swelling factor CY, for the radius of gyration is 

where a(n)  is to be obtained from (7). In the definition 
of the swelling factor one tacitly assumes that the statistical 
length 1 is independent of temperature. When large tem- 
perature differences are involved one may have to multiply 
(11) and the expressions derived from it by [l(T)/l(8)]'. 
Replacing the summation in (11) with integration and after 
some change of variables one obtains 

with a5(r) - a3(y) = y and 2? = N / N , .  This integration 

can be performed exactly by changing the variable y to 
cu(y). The result is 

(CYR~' - 1) (13) 
4 1 ( 4 X 13 X 770Z6 13 X 770Z5 )ffR" + ( 

where  CY^ is the swelling factor for the end-to-end distance 
of the entire chain, given by CYR' - ffR3 = 2. In the infi- 
nite-chain limit where 2 - and a R  -+ Z'I5, (13) yields 
the asymptotic behavior of CY, as 

CY, - 0.9232'15 (14) 
The maximum swelling as a function of temperature for 

a fixed molecular weight would occur, in the modified blob 
model, when 2 = [ N T ~ / C Y ]  attains its maximum at 7 = 1 
or at  T - 63, However, we still choose N ,  = = 1 as 
the smallest value of the temperature blob to determine 
the maximum temperature TM, as explained in ref 1, above 
which the solvent reaches the good-solvent limit. 

The small-2 limit, either directly from (13) or more 
easily from (12) with a2(y) = 1 + y, yields 

a: - 1 + 0.6862 (15) 
The numerical coefficients in (14) and (15) are (75/88!1/2 
and 24/35, respectively. These two asymptotic results satisfy 
CY: - CY: = y,2 with ys = 0.671 for large 2 and ys = 0.686 
for small 2. In fact the results calculated with ( 1 3 )  are 
reproduced very accurately (better than 2 % )  by CY: - CY: 

= 0.6712 for all values of 2. Flory's formula7 a: - a,3 = 
1.2762 with Stockmayer's modification that ensures the 
correct first-order perturbation theory6 is obtained by 
adjusting the value of the free parameter in N ,  (cf. eq 9)  
such that 2 = (1.276/0.686)2 = 1.862. However, one may 
also choose the adjustable parameter in N ,  as 2 = 
(1.67/0.671)z such that (14) reproduces the asymptotic 
behavior CY: - 1.672 of Fujita-Norisuye-Fixman,ag with 
some deviation from first-order perturbation theory near 
the 8 temperature. Since z itself is not calculable from 
first principles, in ref 1 we determined the numerical value 
of the adjustable parameter experimentally by representing 
the data by a, = 0.923(N/N7)'/'O in the asymptotic region. 
Once the value of the adjustable parameter is fixed, one 
can proceed to calculate other dynamic and static param- 
eters such as the hydrodynamic radius and the static 
structure factor in terms of 2 = ( N / N , )  without any free 
parameter. 

It is interesting to note in passing that (14) predicts 
C Y R / C Y ,  = 1.083 (16) 

in the large-z limit. Using aR5 - 1.452 and CY: - 1.672 
reported in the literature! we find C Y R / ~ ,  = 0.972, which 
is only about 10% less than 1.083. We also find from (15) 
that, in the small-z limit 

CYR/CY, -+ 1 + 0.3142 (17) 
which is to be compared with the perturbation result6 
CY~/CY, - 1 + 0.02852. Using 2 = 1.862 determined above, 
we find that (17) overestimates the z dependence of ffR/ff ,  
for small values of z. This discrepancy is not much of a 
concern because it is based on ffR5 - = 2 in which the 
coefficient of 2 may be allowed to be different from unity 
to improve the agreement. One should keep in mind, 
however, that the modified (as well as the original) blob 
model is noncommittal as far as  CY^ is concerned, but it 
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Figure 1. Comparison of the original and modified blob hy- 
potheses in the case of the expansion factor ag for radius of 
gyration as a function of NjN,. 
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Figure 2. Variation of a, and a~ with LYR. 

attempts to explain the global features of the dynamic and 
static quantities such as as, CYH, and S(q) through a single 
model for $o(Rij). 

Figure 1 compares the variation of CY, with NIN, as 
calculated in both blob models. In Figure 2 we plot the 
variation of with aR. 
Hydrodynamic Radius 

The swelling factor for the hydrodynamic radius is given 
by 

when the diffusion coefficient is calculated in Kirkwood's 
approximation.6 In integral form (18) reads 

where cub) is given by a5(y) - a3(y) = y. The integration 
can be performed exactly and the result is 
aH-l(Z) = 

(3/s)(5CYRz - i)/afi3 - 3aR4/4Z + CUR9/@ - ((rR14 - 
1)/28Z3 + 9 ~ ~ ~ ' / 1 6 2  - ~ c Y R ' / ~ O P  + ~ ( C Y R *  - 1)/8OZj 

(20) 

CYH --c 0.7472'J5 (21) 
In the large-2 limit (20) yields 

where 
as 

0.747 is used, The small-2 limit is obtained 

(22) CYH - 1 + 3/1Sz 
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Figure 3. Comparison of the original and modified blob hy- 
potheses in the m e  of the expansion factor aH for hydrodynamic 
radius as a function of NIN,. 
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Figure 4. Comparison of the original and modified blob hy- 
potheses for the ratio of the hydrodynamic radius to radius of 
gyration RH(x) /RG(x)  as a function of x-l = N N,. Note that the 

Figure 3 compares the variation of CYH with (NIN,) for 
modified and original blob models. The modified version 
shows a smoother transition from 8- to good-solvent be- 
havior, as in the case of CY, shown in Figure l. The variation 
of CYH with CYR is shown in Figure 2 together with that of 
a8. The ratio CYH/CY, in the large-2 limit is found to be 

CYH/CY, = 0.81 (large 2) (23) 
Using RH(e)/RG(e) = 0.664 as calculated in the Kirkwood 
approximation and RH(z)/RG(z) = 0.664(a~/aJ, we obtain 
the limiting value of RH/RG in the large-2 limit as RH/Rc - 0.537.l The variation of RH/RG with NIN, is plotted 
in Figure 4 in both blob models. We have used (11) and 
(18) to calculate a, and CYH in this figure because the closed 
expressions (13) and (20), based on replacing summations 
by integrations, yield numerical values accurate to 1.5% 
or better. In this figure such differences become noticeable 
due to the enlarged scale. For small N/N, the original blob 
model predicts a horizontal line, whereas the present 
modified version yields from (15) and (22) 

asymptotic limit for large NIN,  is 0.537 in 6 0th models. 

RH RG - 0.664[ 1 - %($)"'I (24) 

as N/N, - 0. 
Static Structure Factor 

As a final example we compare the static structure factor 
calculated in the two versions of the blob model, using 

S(q) = 1 + 2 C exp[-(q2l2/6)na2(n)l (25) 

where we choose N, = 50, which corresponds to an inter- 
mediate temperature between the 8- and good-solvent 
limits (see Figure 5). The crossover in S(q) as a function 
of q at Iq* = (6/N,)'l2 from S(q) - q-'.% for q < q* to S(q) 

N 

n=l 



150 Macromolecules 1981, 14, 150-153 

i 

'Blob 

/ 

I I 
10-2 01 q'f 10 10 

10.'- 10-3 

q l  

Figure 5. Comparison of the original and modified blob hy- 
potheses in the case of the inverse static form factor F ( q )  as a 
function of q. - q-2 for q > q*,  which was reported by Farnoux et al.1° 
using the original blob model, is even less apparent in the 
case of modified blob model. 
Conclusion 

The present modification of the blob hypothesis im- 
proves the numerical accuracy of the model in the region 
where N / N ,  - 1, where discrepancies with experiment 
may be as large as 15%, as reported in ref 1. This im- 
provement is obtained by abandoning the existence of only 
two discrete exponents in the swelling of sections of a 
chain, as postulated in the original blob model, but re- 
taining the more fundamental idea that the smaller sec- 

tions swell less than the longer ones. Therefore, all the 
qualitative predictions of the original blob concept remain 
valid. A recent work by Francois" also describes a pro- 
cedure for improving the original blob model in the same 
direction as above. 

The blob concept, in its modified or original form, 
provides a workable model for the equilibrium distribution 
rC.,(R;.) for the vector distance between two monomers and 
enabfes one to calculate consistently several single-chain 
properties like the fiist cumulant sZ(q), aH, a,, and S(q) as 
functions of q,  molecular weight, and temperature, with 
one adjustable parameter. As such, its predictions can be 
tested by a variety of experiments over large ranges of 
experimental conditions, as we demonstrated in ref 1. 
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ABSTRACT: The distribution functions of chemical composition describing the statistical heterogeneity 
of copolymers are discussed. The distribution functions for termination by disproportionation and combination 
are similar. Theoretical prediction is compared with the experimental result of crw-fractionation of an azeotropic 
copolymer of styrene and 2-methoxyethyl methacrylate. The experimental distribution function is much narrower 
than the predicted one, which suggests the limited efficiency of cross-fractionation. 

Unlike the comparatively ~ell-describedl-~ conversion 
chemical heterogeneity of statistical copolymers, the so- 
called statistical chemical heterogeneity of these co- 
polymers has so far attracted less attention. This is jus- 
tified in many respects because as a rule such a type of 
chemical heterogeneity is of a much smaller extent. Cases 
may be found, however, especially with low molecular 
weight copolymers, where statistical heterogeneity is not 
negligible4 and may affect the experimental characteriza- 
tion of these copolymers, e.g., by light scattering. The 
importance of an analysis of statistical heterogeneity has 
lately increased owing to the development of novel and 
more sensitive methods of determination of the distribu- 
tion of chemical composition (cross-fra~tionation,~~~ ad- 
sorption high-speed liquid ch r~matography ,~~~  etc.). 

The cross-fractionation of copolymers dealt with in this 
paper consists of a twofold fractionation in different sol- 
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vent systems. Primary fractions obtained by fractionation 
in a system where chains richer in one type of monomeric 
unit are preferentially precipitated are refractionated in 
another solvent system in which, on the contrary, macro- 
molecules with a higher content of the other type of mo- 
nomeric unit are preferentially separated. This procedure 
seems to be one of the most efficient methods of copolymer 
fractionation by chemical composition. For this reason, 
cross-fractionation was used in the present study of com- 
paratively small differences in chemical composition of 
copolymer molecules, given by the statistical nature of 
copolymer chain formation. 

The theoretical analysis of the statistical heterogeneity 
is offered in a fundamental paper by Stockmayerg for the 
case of equal molecular weights of both types of monomeric 
units. The twedimensional differential weight distribution 
of chemical composition has been derived and expressed 
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